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Basis of an abstract vector space

We are estimating solutions of differential equations on a finite
interval, or a finite region of R?. The estimation will consist of

piecewise-continuous linear functions. We need a basis to represent
those functions.

(x = xi—1)/ hi, ifxel
@i = (Xit1—X)/ hit1, ifxeliq

0, otherwise
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Estimating Functions

The simplest way to estimate a function is to use a point on the
function and place a line segment on that point that connects to
the next point of the function.

Fig. 1.4 The function f(x)
f(x) = 2xsin(2zx) + 3 and ’
its continuous piecewise
linear interpolant 7 f(x) on a
uniform mesh of 7 = [0, 1]
with six nodes x;,

i =0, Losom 5




L-2 Projection

The L-2 projection method is better, but it is much harder to
construct
It is also much more grounded in linear algebra

1.3 L2-Projection

f=Pf
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L-2 Projection Cont

Notice that f — P,f is orthogonal to the entire span of V}, (i.e. the
span of the hat functions)

Therefore, the dot product with any linear combination of hat
functions is zero

Since we are working with functions, we need the integral form of
the dot product

Ji(f = Puf)gidx =0,i=0,1,2,....n

This condition is how we will construct the L-2 projection



The most important derivation

The equation in the previous slide implies that
fl f¢,’dX = fl th¢,-dx

Pyf is the projection, so it is a linear combination of the hat
functions.

Therefore, it follows that P,f = Zfzo ajd;

We interchange the sum and the integral to get,
fl f¢idXZZ]:0ajf/ <Z>j(;5,-dx, i:O,l,...,n



The most important derivation cont.

Let the matrix Mj; = [, ¢j¢idx, i,j=0,1,...n
Let the vector b= [, f¢jdx i=0,1,...,n

It follows that the equation in the previous slide is equivalent to
the matrix equation in (n+ 1) dimensions,
Ma = b



Back to the L-2 Projection

Now that we have the matrix equation, we need to extract
patterns to implement this into MATLab

M isn't actually so complicated

Fig. 1.9 Illustration of the
hat functions ¢; —; and ¢; and
their support

The picture shows that only the adjacent hat functions have a
nonzero contribution to the integral of their product over the
interval /

Therefore, the only nonzero entries of M are Mj;, M; (i 1), M(it1),i



Back to the L-2 Projection cont

Mi = [ ¢ididx, = [T @ididx + [ dididx

These integrals can be estimated using whichever technique
(rectangles, trapezoids, etc) works best for the given situation.

If we use Simpson's rule, the integral works out to be % + %
i=1,..,n—1

For i =0 and / = n, the integral turns out to be % and %

respectively



Back to the L-2 Projection cont

For Mit1,i, and M; ;11 the integral only runs over one sub interval.

Repeating the procedure in the last slide, we get that M;;; and
M; i1 both equal hiy1/6, i=0,...,n

If all this is confusing, the final picture is this matrix:

b hy 7]
/3 h 6/ h
non n2 L7}
S /_‘_ 3 h 6 I h
a2 2 n3 13
6 3 + 3 6
M =
hp—1 hp—1 hi h
3 + 3 6
hn hn
| 6 3




Back to the L-2 Projection cont

Now we tackle how to assemble this in MATLab. We extracted the
pattern from the matrix. Now we run this algorithm:

function M = MassAssembler1D(x)

n = length(x)-1;  (number of subintervals)

M = zeros(n+1,n+1); (allocate mass matrix)
fori = 1:n (loop over subintervals)

h = x(i+1) - x(i);  (interval length)

M(i,i) = M(i,i) + h/3;  (add h/3 to M(i,i))
M(i,i+1) = M(i,i+1) + h/6;

M(i+1,i) = M(i+1,i) + h/6;

M(i+1,i+1) = M(i+1,i+1) + h/3;

end



Back to the L-2 Projection cont

We will use a similar technique to compute the vector

b= [ feidx i=0,1,...n

In this case, f is the function we are trying to project and estimate,
so it is known.

We estimate the integrals using whatever technique we wish, and
we extract a similar pattern to implement into another for-loop
into MAT Lab.

As an example,



Back to the L-2 Projection cont

Finally, we use this algorithm to put it all together and generate
the L-2 Projection:

function L2ProjectorlD()

n = 100;  number of subintervals

h = 2*pi/n;  mesh size

x = 0:h:2*pi;  mesh

M = MassAssemblerlD(x);  assemble mass

b = LoadAssemblerlD(x,y.*sin(y));  assemble load

Pf = M/b; solve linear system
plot(x,Pf)  plot L?projection



Back to the L-2 Projection cont
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Solving a Differential Equation

Consider the second order ODE —u" = f,
xel=10,L], u(0)=u(L)=0 fisa given function

If we are going to construct the solution out of the hat functions,
then we need to convert this from a differential equation into an
integral equation.

We introduce the variational formulation:



Solving a Differential Equation

We start by multiplying the ODE by a test function v which
vanished at the endpoints, and then integrating

Therefore we have:
fOL fvdx = — L u"vdx = fo u'v'dx — u'(L)v(L) + u'(0)v(0)
The two nomntegrable terms vanish, and we are left with,

L fvdx = [+ u'v'dx, which looks almost identical to what we had
0 0
before.



Solving a Differential Equation

Remember that v is any function that vanishes at x =0, L. The

good news is that there are plenty of piecewise linear functions with
that property, and the phi-hat functions just so happen to be in
that group, as long as we eliminate the hat functions on the ends.

Therefore, we have:
foL foidx = fOL ugldx i=1,2,..,n—1



Solving a Differential Equation

u is the solution to the differential equation, so we are trying to
construct it from the hat functions. We replace v and v/ with uy,
and uj, to signify that it is being constructed from the hat
functions.

That implies that us = > o;¢; and we can repeat the exact

same procedure as before to assemble the appropriate matrix and

vector.



Solving a Differential Equation

—(0.5+0.7x) T" = 0.3x2,
2<x<8, T()=-1,T'(8)=0
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The 2 Dimensional Case

For 2 dimensions, we need to figure out how to partition the x-y

plane
The answer is triangles:
Fig. 3.2 A triangle mesh of Y
the L-shaped domain
N7 =(0,2) Ng=(1,2)
K¢
K5
N, Ny=(1,1) N =(2,1)
Ky o
Ky Ky
N

Ny = (0,0) Ny = (1,0) Ng = (2,0)



The 2 Dimensional Case

252658

0.00.00.0 1.0 1.0 1.0 2.0 2.0,

448577

_[001.02.00,01,02.00.010] re ['25345]

Fig. 3.4 A two-dimensional hat function ¢; on a general triangle mesh



The 2 Dimensional Case

4.2.1 Poisson’s Equation

Let us consider Poisson’s equation: find u such that
—Au= f, inf2 (4.52)
u=0, ondf2 (4.5b)

where A = Bz/axf + 32/3.\'22 is the Laplace operator, and f is a given function in,
say, L2(R2).

To derive a variational formulation of Poisson’s equation (4.5) we multiply /' =
—Au by a function v, which is assumed to vanish on the boundary, and integrate
using Green’s formula.

/ Sfvdx = —f Auvdx (4.6)
2 2
= / Vu-Vvdx —‘/. n - Vuvds “.7)
2 a2
=/ Vu-Vvdx (4.8)
2
/ Vuy, - Vi dx =/ JOudX; 15120 n; (4.14)
2 2

Then, since u), belongs to Vj, ¢ it can be written as the linear combination

ni

Up = Z&v’,

j=1



Time Dependence

Let us consider the model Heat equation

i—u'=f xel=[0L]. tel=(0.T] (5.22a)
u(0.1) = u(L.1) =0 (5.22b)
u(x.,0) = uo(x) (5.22¢)

where u = u(x, 1) is the sought solution, f = f(x.t) a given source function, and
up(x) a given initial condition.

Multiplying f* = it — u” by a test function v = v(x,) and integrating by parts we

have
L L L
/ fvdx:/ iwdx—/ u"vdx (5.23)
0 0 o

L L
= / iwvdx —u' (L)v(L) 4 ' (0)v(0) + / u'v dx (5.24)
0 0

L L
=/ iwdx+/ u'V dx (5.25)
) o



Time Dependence

Next, we seek a solution uy, to (5.29), expressed for every fixed ¢, as a linear
combination of hat functions ¢;(x), j = 1,2,...,n — 1, and time-dependent
coefficients &; (r). That is, we make the ansatz

n—1

w(x.1) = Y &g (x) (5.30)
j=1
and seek to determine the vector
&(1) up(x1,1)
1 p(X2, 1
§@1) = &:( . = ul(fz ! (5.31)
En—1(1) wp (Xn—1,1)

ME@) + AEQ) = b0). 1€ £0)+ A5 = b) £0) = £O)¢ 4'+[0 eIy ds



Time Dependence
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