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Algebraic Integers: An element a € C is an algebraic integer if there exists a
monic polynomial f(x) € Z[z] where f(a) =0.
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@ /2 is an algebraic integer where f(r) = 2 — 2 is the minimum polynomial

° 1+2‘/5 is an algebraic integer where f(x) = 22 — 2 — 1 is the minimum

polynomial

° % is not an algebraic integer (see f(z) = 622 — 1 for intuition)
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Algebraic Integers: An element a € C is an algebraic integer if there exists a
monic polynomial f(x) € Z[z] where f(a) =0.

@ /2 is an algebraic integer where f(r) = 2 — 2 is the minimum polynomial

° —1+2‘/5 is an algebraic integer where f(x) = 22 — 2 — 1 is the minimum

polynomial

° % is not an algebraic integer (see f(z) = 622 — 1 for intuition)

Ring of Integers: For K, a finite extension of Q, R C K is the set of all the
elements in K that are algebraic integers.
Z[Vd]  ifd#1mod 4

For K = Q(+/d) where d is square-free, R =
AV q {Z[Hﬁ] if d = 1 mod 4.
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Prime Ideal: An ideal P C R is prime if R/P is an integral domain.
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Prime Ideal: An ideal P C R is prime if R/P is an integral domain.
In Z[i], (14 4) is prime because Z[i]/(1 + i) & Z2 which is a field.
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Prime Ideal: An ideal P C R is prime if R/P is an integral domain.
In Z[i], (14 4) is prime because Z[i]/(1 + i) & Z2 which is a field.

Prime Factorization: ldeals in R factor uniquely into prime ideals.
In Z[3], (5) = (1 + 2:)(1 — 27).

In Z[+/10],
(13) = (13,4/10 + 6)(13,/10 — 6)
o (2) = (2,V0)
(7) remains prime
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Prime Ideal: An ideal P C R is prime if R/P is an integral domain.
In Z[i], (14 4) is prime because Z[i]/(1 + i) & Z2 which is a field.

Prime Factorization: ldeals in R factor uniquely into prime ideals.
In Z[i], (5) = (14 24)(1 — 24).
In Z[+/10],
(13) = (13,/10 + 6)(13,+/10 — 6)
° (2) = (2,V10)?
(7) remains prime

Prime Splitting: For two rings of integers R C S, primes in R may split into prime
ideals in S.

Dillon Snyder (UConn) Quadratic Reciprocity December 15, 2022



Background

Theorem (Dedekind—Kummer)

If R =Z[a], f(z) is the minimal polynomial for oz over Z, and

f(@) = g1(x)g2(x) - - - g, (2) mod p
for some prime p € Z where g;(x) are distinct monic irreducible polynomials, then

(p) = (p,91()) (P, g2()) - - - (P, gr ()

where (p, g;(c)) are distinct prime ideals.

For Z[\/ﬁ]

22 —10 = (x + 6)(z — 6) mod 13

SO

(13) = (13,V10 + 6)(13, V10 — 6).
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Let d be a square-free integer with d = 1 mod 4 and ¢ € Z be an odd prime, ¢ 1 d.
With R being the ring of integers of Q(v/d), we have

2R = {(2’ 1+2\/E) (2, 1_7\/3) if d =1 mod 8

prime if d =5 mod 8

and
JR - {(q,n+\/§)(q,n—\/&) if d=n2 mod q

prime if d is not a square mod q.

Since 10 = 142 mod 31, we have in Z[/10]

(31) = (31,14 + V10)(31, 14 — V10)
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Legendre Symbol

Let p be an odd prime in Z. For n € Z where p { n, define the Legendre Symbol

n\ J1 if n is a square mod p
D ] =1 otherwise.

because 1 = 12 mod 3

I
—_ =

~— ~—
I

because 2 = 32 mod 7
= 1 because 3 = 52 mod 11

= —1 because 17 = 3 mod 7 and is not a square

= o=

|5 =fes
S—

(]
N AR S AR

8) = —1 because —8 =3 mod 5 and is not a square
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o (+)=1

1
p

o If m =nmod p, then (2) = (%)

o (22) = (

S IE

)(3)

<3

o If g =1mod 4, then (_Tl) =1

If ¢ = 3 mod 4, then (_71) =-1
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Quadratic Reciprocity

Let p be an odd prime in Z. Then for odd primes ¢ such that ¢ # p, then

<p> if por g=1mod 4
q

—(Z) if p=¢=3mod4

(2)_ 1  ifp=4+1mod8
p) |-1 ifp==+3modS3.

and
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Applications

) =1 because 137 = 1 mod 8. Note: 2 = 312 mod 137

(]
—
-
[PM ]

7

° (1—51) = 1 because (1—51) = (15—1) = (%) = 1 since 5 = 1 mod 4. Note:
5 =42 mod 11

° (L) = —1 because 41851 = 3 mod 8

o (&) =1 because (2f) = (&) (&) =1 since 7= 83 = 3 mod 4. Note:

21 = 412 mod 83

o (39) = —1 because (33) = () () = — () = — (3) = —1 because

2
29
29 = —3mod 8 and 5 =1 mod 4

©
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Proof of Quadratic Reciprocity

Let p be an odd prime. Set
p* = £p so that p* = 1 mod 4.

For any odd primes g # p, in the ring of integers of Q(1/p*), we have

(1) =1 <= (q) = p1p2 where p; # p;

(1) = —1 otherwise.
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q is any odd prime

(

)=1 <= (q) = p1p2 where p; # po

iSRS

(1) = —1 otherwise.

Recall from the Corollary:

qR= {(q,n+ VP*)(g,n — /p*) when p* =n? mod ¢

prime when p* # n? mod ¢
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q is any odd prime

(

) =1 <= (q) = p1p2 where p; # ps

iSRS

(1) = —1 otherwise.

Recall from the Corollary:

qR= {(q,n+ VP*)(g,n — /p*) when p* =n? mod ¢

prime when p* # n? mod ¢

QI3
~—

if p=1mod 4

()= (%) = (})= 2) ifp=3mod4
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q is any odd prime

(

) =1 <= (q) = p1p2 where p; # ps

iSRS

(1) = —1 otherwise.

Recall from the Corollary:

qR= {(q,n+ VP*)(g,n — /p*) when p* =n? mod ¢

prime When p* # n? mod g

% if p=1mod 4
_T if p=3 mod 4

(% if g=1mod 4

(%):(7> _(g) if ¢ = 3 mod 4
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q is any odd prime

(

) =1 <= (q) = p1p2 where p; # ps

iSRS

(%) = —1 otherwise.

Recall from the Corollary:

qR= {(q,n+ VP*)(g,n — /p*) when p* =n? mod ¢

prime when p* # n? mod ¢

(D)=(2) = (2)= 2:2) if p=1mod 4

—p) _ (=1) (2) _ (%) if g=1mod 4

(q)_(q>(q)_ —(p) if ¢ = 3 mod 4
(

4 if por g=1mod 4
:<%>_ _‘1()2) if p=¢=3mod 4.
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(1) =1 <= (q) = p1p2 where p; # py

S

(1) = —1 otherwise.

Recall from the Corollary:

2R = {(2’13/?) (2,#) when p* =1 mod 8

prime when p* =5 mod 8
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(1) =1 <= (q) = p1p2 where p; # py

S

(1) = —1 otherwise.

Recall from the Corollary:

2R = {(2’13/?) (2,#) when p* =1 mod 8

prime when p* =5 mod 8

2 2
= (> = 1 when p* =1 mod 8 and () = —1 when p* =5 mod 8.
b p

2 1 if p=41mod 8
Thus, | - ) =
p —1 if p =43 mod 8.
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